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Abstract
In this paper, we classify the 1-Weierstrass points of the Kuribayashi quartic
curves with three parameters a, b and c defined by the equation
Ca,b,c : x
4 + y4 + z4 + ax2y2 + bx2z2 + cy2z2 = 0,
such that (a2−1)(b2−1)(c2−1)(a2−4)(b2−4)(c2−4)(a2+b2+c2−abc−4) 6= 0.
Furthermore, the geometry of these points is investigated.
MSC 2010: Primary 14H55, 14R20; Secondary 14H37, 14H45, 14H50
Keywords: Kuribayashi quartics, 1-Weierstrass points, Flexes, Riemann sur-
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1
0 Introduction
Let Ca be the smooth plane quartic curves defined by the equation
Ca : x
4 + y4 + z4 + a(x2y2 + x2z2 + y2z2) = 0, a 6= −1,±2.
These types of quartic curves are called Kuribayashi quartics with one parameter.
Weierstrass points and automorphism groups of Riemann surfaces of genus 3 are
studied in [11, 12]. In particular, Weierstrass points and automorphism groups of
Ca are studied in [13]. Kuribayashi and his students used the Wronskian method to
classify the number of the 1-Weierstrass points of Ca. Alwaleed [1, 2] used the the
Wronskian method together with the S4 action on Ca to classify the number and
investigate the geometry of the 2-Weierstrass points of this family.
Let Ca,b be the smooth plane quartic curves defined by the equation
Ca,b : x
4 + y4 + z4 + ax2y2 + b(x2 + y2)z2 = 0,
where a and b are two parameters such that (a2 − 4)(b2 − 4)(a2 − 1)(b2 − a− 2) 6= 0.
We call these quartic curves Kuribayashi quartics with two parameter. Hayakawa [10]
investigated the conditions under which the number of the Weierstrass points of Ca,b
is 12 or 16.
In [3], the present authors have classified the number of the 1-Weierstrass points
of Ca,b together with their geometry. Moreover, they have obtained the results of
Kuribayashi and Sekita [13] on 1-Weierstrass points of the quartics Ca as a particular
case.
Let Ca,b,c be the smooth plane quartic curves defined by the equation
Ca,b,c : x
4 + y4 + z4 + ax2y2 + bx2z2 + cy2z2 = 0,
where a, b and c are three parameters such that
(a2 − 1)(b2 − 1)(c2 − 1)(a2 − 4)(b2 − 4)(c2 − 4)(a2 + b2 + c2 − abc− 4) 6= 0.
Hayakawa [9] investigated the conditions under which the number of the 1-Weierstrass
points of Ca,b,c is exactly 12 or < 24.
The aim of this paper is to generalize the results done in [3]. For this purpose, we
consider a different approach (group actions on Riemann surfaces) from that followed
by Hayakawa to classify the number of such points completely. Furthermore, we
investigate the geometry of these points.
The present paper is organized in the following manner. In section 1, we present
some preliminaries concerning the basic concepts that will be used throughout the
work [8, 14]. In section 2, we establish our main results, Theorems 2.7, 2.8, 2.9, 2.10,
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that concern with the classification of the number of the 1-Weierstrass points of the
quartic curves Ca,b,c together with their geometry. In section 3, we illustrate, through
examples, the cases mentioned in the main results. Finally, we conclude the paper
with some remarks, comments and related problems.
1 Preliminaries
1.1 q-Weierstrass points
Let C be a smooth projective plane curve of genus g ≥ 2 and let D be a divisor on
C with dim|D| = r ≥ 0. We denote by L(D) the C-vector space of meromorphic
functions f such that div(f) + D ≥ 0 and by l(D) the dimension of L(D) over C.
Then, the notion of D-Weierstrass points [14] can be defined in the following way:
Definition 1.1. Let p ∈ C. If n is a positive integer such that
l
(
D − (n− 1).p) > l(D − n.p),
we call the integer n a D-gap number at p.
Lemma 1.2. Let p ∈ C, then there are exactly r+1 D-gap numbers {n1, n2, ..., nr+1}
such that n1 < n2 < ... < nr+1. The sequence {n1, n2, ..., nr+1} is called the D-gap
sequence at p.
Definition 1.3. The integer ωD(p) :=
∑r+1
i=1 (ni − 1) is called D-weight at p. If
ωD(p) > 0, we call the point p a D-Weierstrass point on C. In particular, for the
canonical divisorK, the qK-Weierstrass points (q ≥ 1) are called q-Weierstrass points
and the qK-weight is called q-weight and is denoted by ω(q)(p).
Definition 1.4. [2] A point p on a smooth plane curve C is said to be a flex point if
the tangent line Lp meets C at p with contact order Ip(C,Lp) at least three. We say
that p is i-flex, if Ip(C,Lp)− 2 = i. The positive integer i is called the flex order of p.
Lemma 1.5. [8] Let C : F (x, y, z) = 0 be a smooth projective plane curve. A point
p on C is a flex point if, and only if, HF (p) = 0, where HF is the Hessian curve of C
defined by
HF := det


Fxx Fxy Fxz
Fyx Fyy Fyz
Fzx Fzy Fzz

 .
Lemma 1.6. [15] Let C be a smooth projective plane quartic curve. The 1-Weierstrass
points on C are nothing but flexes and divided into two types: ordinary flex and hy-
perflex points. Moreover, we have
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ω(1)(p) 1-gap Sequence Geometry
1 {1, 2, 4} ordinary flex
2 {1, 2, 5} hyperflex
Lemma 1.7. [6, 14] Let C be a smooth projective plane curve of genus g. The
number of q-Weierstrass points N (q)(C), counted with their q-weights, is given by
N (q)(C) =


g(g2 − 1), if q = 1
(2q − 1)2(g − 1)2g, if q ≥ 2.
In particular, for smooth projective plane quartics (i.e. g = 3), the number of 1-
Weierstrass points, counted with their weights, is 24 .
Let W (q)(C) be the set of q-Weierstrass points on C and G(q)(p) the q-gap se-
quence at the point p ∈ C.
Lemma 1.8. [1] Let τ be an automorphism on C, then we have
τ
(
W (q)(C)
)
= W (q)(C) and G(q)(τ(p)) = G(q)(p).
1.2 Group Action on Riemann Surfaces [13]
Definition 1.9. An action of a finite group G on a Riemann surface C is a map
· : G× C −→ C : (g, p) 7−→ g · p
such that: (gh) · p = g · (h · p) and e · p = p, for all g, h ∈ G and p ∈ C, where e is the
identity element of G.
Definition 1.10. The orbit of a point p ∈ C is the set OrbG(p) := {g · p : g ∈ G}.
Definition 1.11. The stabilizer of a point p ∈ C is the subgroup
Gp := {g ∈ G : g · p = p}.
It is often called the isotropy subgroup of p.
Remark 1.12. The subgroup Gp is cyclic and points in the same orbit have conjugate
stabilizers; Indeed, Gg·p = gGpg
−1. Moreover
|OrbG(p)| |Gp| = |G|, ∀p ∈ C.
Notation. [1] The set of points p ∈ C such that |Gp| > 1 is denoted by X(C). Also
Xi(C) := {p ∈ C : |Gp| = i}.
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2 Main results
A group action of order 4 on Ca,b,c can be defined as follows. Let H be the projective
transformation group of order 4 generated by the two elements σ and τ of orders 2,
where
σ :=


−1 0 0
0 1 0
0 0 1

 , τ :=


1 0 0
0 −1 0
0 0 1

 .
It has been shown by Francesc [7] that, H ∼= C2 × C2, where Cm denotes the cyclic
group of order m. Now, computing the fixed points of the automorphisms of H on
Ca,b,c and their corresponding orbits gives rise to the following result.
Lemma 2.1. For the quartics Ca,b,c, we have:
X(Ca,b,c) = OrbG[0 : β : 1] ∪ OrbG
[
0 :
1
β
: 1
]
∪ OrbG[α : 0 : 1] ∪
OrbG[
1
α
: 0 : 1] ∪ OrbG[δ : 1 : 0] ∪OrbG[1
δ
: 1 : 0],
where β is a root of the equation y4 + cx2 + 1 = 0, α is a root of the equation
x4 + bx2 + 1 = 0 and δ is a root of the equation x4 + ax2 + 1 = 0.
Remark 2.2. Each of the above orbits satisfies |OrbH(p) | = 2. Moreover, if a point
[ξ : ǫ : 1] /∈ X(Ca,,b,c), then |OrbH(p) | = 4.
Proposition 2.3. Let A1 := OrbG[0 : β : 1] ∪ OrbG
[
0 : 1
β
: 1
]
, then for the quartics
Ca,b,c, we have:
A1 ∩W1 (Ca,b,c) 6= φ iff
(
a2 + b2 − abc) = 0.
Moreover,
A1 ∩W1 (Ca,b,c) =


OrbG[0 : β : 1], if a =
1
2
(
bc− b√c2 − 4)
OrbG
[
0 :
1
β
: 1
]
, if a =
1
2
(
bc + b
√
c2 − 4)
φ otherwise,
where β =
√
−c−√c2 − 4√
2
.
Proof. The Hessian HF (0, y, 1) is given by the equation
HF (0, y, 1) = 24
(
b+ ay2
) ((
12− c2) y2 + 2c (1 + y4)) .
5
So, the resultant of HF (0, y, 1) and F (0, y, 1) with respect to y is
Res (HF (0, y, 1), F (0, y, 1); y) = 2985984
(
a2 + b2 − abc)2 (c2 − 4)4 ,
Thus, since c 6= ±2,
A1 ∩W1 (Ca,b,c) 6= φ iff
(
a2 + b2 − abc) = 0.
Moreover, the equation y4 + cy2 + 1 = 0 has four solutions of the form ±β, ± 1
β
,
where β =
√
−c−√c2 − 4√
2
. Hence, substituting a =
1
2
(
bc− b√c2 − 4) into the
Hessian equation HF (0, y, 1) yields
HF [0 : ±β : 1) = 0, HF
[
0 : ± 1
β
: 1
]
6= 0.
On the other hand, substituting a =
1
2
(
bc + b
√
c2 − 4) into the Hessian equation
HF (0, y, 1) yields
HF [0 : ±β : 1) 6= 0, HF
[
0 : ± 1
β
: 1
]
= 0,
which completes the proof.
Proposition 2.4. Let A2 := OrbG[α : 0 : 1] ∪ OrbG[ 1
α
: 0 : 1], then for the quartics
Ca,b,c, we have:
A2 ∩W1 (Ca,b,c) 6= φ iff
(
a2 + c2 − abc) = 0.
Moreover,
A2 ∩W1 (Ca,b,c) =


OrbG[α : 0 : 1], if a =
1
2
(
bc− c√b2 − 4)
OrbG[
1
α
: 0 : 1], if a = 1
2
(
bc + c
√
b2 − 4)
φ otherwise,
where α =
√
−b −√b2 − 4√
2
Proof. The Hessian HF (x, 0, 1) is given by the equation
HF (x, 0, 1) = 24
(
ax2 + c
) (−b2x2 + 12x2 + 2b (x4 + 1)
So, the resultant of HF (x, 0, 1) and F (x, 0, 1) with respect to x is
Res (HF (x, 0, 1), F (x, 0, 1); x) = 2985984
(
a2 + c2 − abc)2 (b2 − 4)4 .
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Hence, since b 6= ±2,
A2 ∩W1 (Ca,b,c) 6= φ iff
(
a2 + c2 − abc) = 0.
Moreover, substituting a = 1
2
(
bc− c√b2 − 4) into the Hessian equation HF (x, 0, 1)
yields
HF [±α : 0 : 1) = 0, HF
[
± 1
α
: 0 : 1
]
6= 0.
Also, substituting a = 1
2
(
bc+ c
√
b2 − 4) yields
HF [±α : 0 : 1) 6= 0, HF
[
± 1
α
: 0 : 1
]
= 0,
we are done.
Proposition 2.5. Let A3 := OrbG[δ : 1 : 0] ∪ OrbG[1
δ
: 1 : 0], then for the quartics
Ca,b,c, we have:
A3 ∩W1 (Ca,b,c) 6= φ iff
(
b2 + c2 − abc) = 0.
Moreover,
A3 ∩W1 (Ca,b,c) =


OrbG[δ : 1 : 0], if a =
1
2
(
bc− c√b2 − 4)
OrbG[
1
δ
: 1 : 0], if a = 1
2
(
bc + c
√
b2 − 4)
φ otherwise,
where δ =
√
−a−√a2 − 4√
2
Proof. The Hessian HF (x, 1, 0) is given by the equation
HF (x, 1, 0) = 24
(
bX2 + c
) (−a2x2 + 12x2 + 2a (x4 + 1)) .
So, the resultant of HF (x, 1, 0) and F (x, 1, 0) with respect to x is
Res (HF (x, 1, 0), F (x, 1, 0); x) = 2985984
(
b2 + c2 − abc)2 (a2 − 4)4 ,
Hence, since a 6= ±2,
A3 ∩W1 (Ca,b,c) 6= φ iff b2 + c2 − abc = 0.
Moreover, substituting b = 1
2
(
ac− c√a2 − 4) into the Hessian equation HF (x, 1, 0)
yields
HF [±δ : 1 : 0) = 0, HF
[
±1
δ
: 1 : 0
]
6= 0.
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Also, substituting b = 1
2
(
ac+ c
√
a2 − 4) yields
HF [±δ : 1 : 0) 6= 0, HF
[
±1
δ
: 1 : 0
]
= 0,
which completes the proof.
Proposition 2.6. If X(Ca,b,c) ∩ W1(Ca,b,c) 6= φ, then the intersection points are
necessarily hyperflex points.
Proof. It suffices to prove the result for the point [0 : β : 1]. Indeed, the tangent line
is given by
L[0:β:1] : y − β = 0.
The resultant of L[0:β:1] and Ca,b,c with respect to y is given by
Res
(
Ca,b,c, L[0:β:1]; y
)
= x2(x2 + aβ2 + b).
Now, substituting β =
√
−c−√c2 − 4√
2
and a =
1
2
(
bc− b√c2 − 4) into the last
equation yields
Res
(
Ca,b,c, L[0:β:1]; y
)
= x4.
So, L[0:β:1] meets Ca,b,c at [0 : β : 1] with contact order 4.
Notations
• Let Or be the orbits classification, where O denotes the number of orbits and
r the number of points in these orbits. For example 24 means: two orbits each
of 4 points.
• Let
P1(a, b, c) := a
2+b2−abc, P2(a, b, c) := a2+c2−abc, P3(a, b, c) := b2+c2−abc.
The set of common zeros of the equations Pi(a, b, c) = 0 and Pj(a, b, c) = 0 such
that i 6= j will be denoted by Γij.
• Let
P (a, b) := a2 + b2 − ab2, Q(a, b) := 36− 12a+ a2 − 10b2 + 3ab2.
The set of common zeros of the equations P (a, b) = 0 and Q(a, b) = 0 will be
denoted by Γ.
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Now, we have the following cases:
I. At least two of the parameters vanish,
II. The parameters a, b, c satisfy Γij , where (ij) ∈ S2,
III. (ijk) ∈ S3 such that Pi(a, b, c) = 0 and Pj(a, b, c)Pk(a, b, c) 6= 0,
IV. If P1(a, b, c)P2(a, b, c)P3(a, b, c) 6= 0.
The following four theorems treat the above four cases.
Theorem 2.7. Suppose that two of the parameters a, b, c vanish, for instance b = 0,
c = 0, then the number and the geometry of the 1-Weierstrass points for the quartics
Ca,0,0 are classified as follows.
Number and Orbit Classification on Ca,0,0
Ordinary flexes Hyperflexes
a = 0, 6 0 12
22, 24
Otherwise 16 4
44 22
where the boldface numbers denote to the number of the points.
Proof. If we assume, without any loss of generality, that b = 0, c = 0, then the
number of the 1-Weierstrass points of Ca,0,0 is given by the following table [3]:
Number Classification on Ca,0,0
Ordinary flexes Hyperflexes
a = 0, 6 0 12
Otherwise 16 4
Also, by Proposition 2.2,
OrbG [0 : β : 1] ∪OrbG
[
0 :
1
β
: 1
]
⊆W1(Ca,0,0).
Hence, by Proposition 2.5, C0,0,c has 22 of hyperflex points. So by Proposition 2.1(4),
we have
Orbit Classification on Ca,0,0
Ordinary flexes Hyperflexes
a = 0, 6 22, 24
Otherwise 44 22
This completes the proof.
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Theorem 2.8. If a, b, c satisfy Γij, where (ij) ∈ S2, then the number and the geometry
of the 1-Weierstrass points for the quartics Ca,b,c are classified as follows.
Number and Orbit Classification on Ca,b,c
Ordinary flex Hyperflex
16 4
44 22
8 8
24 22, 14
0 12
22, 24
Proof. Assume that a, b, c satisfy Γij, where (ij) ∈ S2, then by Propositions 2.2, 2.3
and 2.4, Ca,b,c has 22 of flex points. Moreover, by Propositions 2.5, these 2 orbits
are hyperflex. Now, recalling that the number of the 1-Weierstrass points of Ca,b,c,
counted with their weights, is 24. Proposition 2.1(4) implies that the orbits of the
1-Weierstrass points for the quartics Ca,b,c can be classified as given in the following
table:
Orbit Classification on Ca,b,c
Ordinary flex Hyperflex
44 22
24 22, 14
22, 24
Theorem 2.9. If (ijk) ∈ S3 such that Pi(a, b, c) = 0 and Pj(a, b, c)Pk(a, b, c) 6= 0,
then the number and the geometry of the 1-Weierstrass points for the quartics Ca,b,c
are given in the following table:
Number and Orbit Classification on Ca,b,c
Ordinary flex Hyperflex
20 2
54 12
12 6
34 12, 14
4 10
14 12, 24
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Proof. Assume that Pi(a, b, c) = 0 and Pj(a, b, c)Pk(a, b, c) 6= 0, where (ijk) ∈ S3.
Then, Ca,b,c has 12 of hyperflex points and the other orbits of the Weierstrass points
consist of 4 points. This gives rise to the following table:
Orbit Classification on Ca,b,c
Ordinary flex Hyperflex
54 12
34 12, 14
14 12, 24
Theorem 2.10. If P1(a, b, c)P2(a, b, c)P3(a, b, c) 6= 0, then the number and the ge-
ometry of the 1-Weierstrass points for the quartics Ca,b,c are given by the following
table:
Number and Orbit Classification on Ca,b,c
Ordinary flex Hyperflex
24 0
64
16 4
44 14
8 8
24 24
0 12
34
Proof. Assume that P1(a, b, c)P2(a, b, c)P3(a, b, c) 6= 0, then W1
(
Ca,b,c
)
is the union of
orbits, each consists of four points. So, the geometry of the orbits of the 1-Weierstrass
points is given by the following table:
Orbit Classification on Ca,b,c
Ordinary flex Hyperflex
64
44 14
24 24
34
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3 Examples
This section is devoted to construct examples that illustrate the cases mentioned in
Theorems 2.8, 2.9, 2.10. It should be noted that under a given condition more than
one case arise, so it is convenient to investigate whether these cases can occur.
Case II
(1) Let a = 3, b = 3, c = 3
2
(
3−√5) , then W1(Ca,b,c) consists of 44 of ordinary flex
points and 22 of hyperflex points. In other words,
W1
(
Ca,b,c
)
=
6⋃
i=1
OrbG[ςi : υi : ǫi],
where,
ς1 :≈ −0.618034...i, υ1 := 0, ǫ1 := 1,
ς2 :≈ −0.618034...i, υ2 := 1, ǫ2 := 0,
ς3 :≈ −0.765842...− 0.868419...i, υ3 :≈ −0.12504...+ 0.992152...i, ǫ3 := 1,
ς4 :≈ −0.765842...+ 0.868419...i, υ4 :≈ −0.12504...− 0.992152...i, ǫ4 := 1,
ς5 :≈ 0.521157...− 0.432432...i, υ5 :≈ 0.184489...+ 0.982835...i, ǫ5 := 1,
ς6 :≈ 0.521157...+ 0.432432...i, υ6 :≈ −0.184489...− 0.982835...i ǫ6 := 1.
(2) Let c = −3
2
√
1
14
(
21 + i
√
7
)
, a = 3
8
(
5 + i
√
7
)
, b = −
√
27
8
+ 9i
8
√
7
, thenW1
(
Ca,b,c
)
consists of 8 hyperflex points and 8 ordinary flex points. In other words,
W1
(
Ca,b,c
)
=
5⋃
i=1
OrbG[ςi : υi : 1],
where
ς1 := 0, υ1 :≈ 0.91156...− 0.196214...i,
ς2 :≈ −0.91156...+ 0.196214...i, υ2 := 0,
ς3 :≈ 0.651994...+ 0.0981069...i, υ3 :≈ −0.651994...− 0.0981069...i,
ς4 :≈ 0.530835...+ 0.40233...i, υ4 :≈ −1.24444...+ 0.212546...i,
ς5 :≈ −1.24444...+ 0.212546...i, υ5 :≈ 0.530835...+ 0.40233...i.
(3) Let c = 6√
5
, a = 6
5
, b = 6√
5
, then W1 consists of 12 hyperflex points [9].
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Case III
(1) Let c = 4, b = 6− 3√3, a = 3, then W1
(
Ca,b,c
)
consists of 22 flex points. In other
words,
W1
(
Ca,b,c
)
=
6⋃
i=1
OrbG[ςi : υi : 1],
where
ς1 :≈ 3.72978..., υ1 :≈ 2.2488...i,
ς2 :≈ 0.225851...+ 1.28153...i, υ2 :≈ 1.14986...− 1.07474...i,
ς3 :≈ 0.225851...− 1.28153...i, υ3 :≈ 1.14986...+ 1.07474...i,
ς4 :≈ 0.334413...− 1.0111...i, υ4 :≈ −0.471629...+ 0.349376...i,
ς5 :≈ 0.334413...+ 1.0111...i, υ5 :≈ −0.471629...− 0.349376...i,
ς6 := 0, υ6 :≈ 0.517638...i.
Remark 3.1. There is no guarantee that the other two cases for which W1
(
Ca,b,c
)
consists of 18 or 14 flexes can occur.
Case IV
(1) Let a = 3, b = 3, c = 0, then Ca,b,c has 24 ordinary flex points. In other words;
W1(C) =
6⋃
i=1
OrbG[ςi : υi : 1],
where
ς1 := 0− 1.75642...i, υ1 := −3.01936...,
ς2 :≈ −0.581718...i, υ2 :≈ −0.33119...,
ς3 :≈ −0.91777...+ 1.15085...i, υ3 :≈ −0.22252...− 0.97492...i,
ς4 :≈ −0.91777...− 1.15085...i, υ4 :≈ −0.22252...+ 0.97492...i,
ς5 :≈ −0.59367...+ 0.39822...i, υ5 :≈ −0.37935...+ 0.92525...i,
ς6 :≈ −0.593675...− 0.39822...i, υ6 :≈ −0.37935...− 0.92525...i.
(2) Let a =
√
5i, b = 3, c = 0, then
W1(C) =
4⋃
i=1
OrbH[i
√
2
3
: υi : 1],
where υi are the four roots of the equation x
4+1 = 0. That is, Ca,b,c has 16 flex
points classified as 22 of hyperflex and 22 of ordinary flex.
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(3) Let c = 3
√
2
5
, b = 3
√
2
5
, a = 0, then
W1 =
4⋃
i=0
OrbH [ξi : ǫi : 1],
where
ξ0 :≈ 0.562341i, ǫ0 :≈ 0.562341i,
ξ1 :≈ 0.204102− 1.15107i, ǫ1 :≈ 0.301675− 0.269467i,
ξ2 :≈ 0.301675− 0.269467i, ǫ2 :≈ 0.204102− 1.15107i,
ξ3 :≈ 0.204102 + 1.15107i, ǫ3 :≈ 0.301675 + 0.269467i,
ξ4 :≈ 0.301675 + 0.269467i, ǫ4 :≈ 0.204102 + 1.15107i.
(4) a = 3, b = 3 c = 3, then Ca,b,c has 12 hyperflex points [3].
Concluding remarks.
We conclude the present paper with some remarks and comments.
• The computations included in this work have been performed by the use of
MATHEMATICA program. The source code files are available.
• The classification of the 1-Weierstrass points of Kuribayashi quartics with two
parameters treated in [3] is a particular case of our results. In fact, letting b = c,
one gets the following tables.
Case b = 0
Ordinary flexes Hyperflexes
0 12
16 4
Case b 6= 0
Ordinary flex Hyperflex
16 4
P (a, b) = 0 8 8
0 12
24 0
P (a, b) 6= 0 16 4
8 8
0 12
14
• The main theorems constitute a motivation to solve more general problems. One
of these problems is the investigation of the geometry of higher order and multi-
ple Weierstrass points of Ca,b to generalize the classification of the 2-Weierstrass
points of Kuribayashi quartics with one parameter family [1, 2]. However, this
problem will be the object of a forthcoming work.
• The technique used in this paper is completely different from that used by
Hayakawa [10]. Our technique consists of dividing the quartics by group actions
into finite orbits and investigate the geometry of these orbits. The results
obtained are more informative than those obtained by Hayakawa since we give
the geometry of the 1-Weierstrass points.
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